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rij . The relations of antilinear maps, bipartite states and quantum channels is summarized. Anti- 

'^'h ■ linear maps are applied to describe bipartite states and entanglement. Teleportation is treated 

' in this general formalism with an emphasis on conditional schemes applying partially entangled 
pure states. It is shown that in such schemes the entangled state shared by the parties, and 

I , those measured by the sender should "match" each other. 

> : 
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o ■ 

OO , 1 Introduction 

o. 

CO ' A fundamental part of quantum mechanics is the description of the evolution of quantum states. In 

, the lack of measurements, the evolution of the quantum state of closed systems can be described 

' by unitary operators. Measurements are described by projections onto the eigenstates of the 

Oh, measured quantity. In more general approach to the question of quantum state evolution, the 

• system in argument is considered as a part of a larger subsystem. This approach gives rise to 

C I concepts of general quantum channels and generalized (POVM) measurements. 

^ ' In the context of quantum information and communication, quantum entanglement is a central 

issue. General quantum kinematics of multipartite systems harbors lots of secrets still. Quan- 
' turn teleportation 2] is probably the most frequently quoted application of entanglement, and its 

[ experimental feasibility [21ISIE] has further increased its relevance. 

' The methods developed for representations of quantum channels can be used successfully in the 

^ , description of entanglement and teleportation. The results in this paper are motivated by these 

■ - - ' kind of methods. Section |21 summarizes some facts concerning the relations between quantum 

states of bipartite systems, channels, antilinear and antiunitary maps. Some of these have already 
found application in quantum information theory, but those use a fixed antilinear map, which is 
related to a specific maximally entangled state. We also present another possibility, namely we 
consider different antilinear maps, which is an alternative description of all pure bipartite states. 
This approach provides us with a very convenient description of quantum teleportation, including 
all schemes applying a pure (but not necessarily maximally entangled) resource. 

Popescu 1^ pointed out that teleportation is also possible using mixed states but with a fidelity 
less than 1. In a recent paper of Banaszek |H] a protocol using a partially entangled state was 
optimized for average fidelity. Horodecki et al [7| presented a formula for the fidelity of such 
imperfect teleportation schemes. 

In conditional schemes on the other hand, fidelity can be one but at the cost that the process 
sometimes fails, so the probability of successfulness (also called efficiency) is less than one. This 
is the case in conclusive teleportation ^ ^ , where partially entangled or even mixed states and 
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generalized measurements (POVM) are considered. Using nonunitary transformation at Bob's 
side also makes the process probabilistic |10| . 

The main part of our paper is based on the formalism summarized in Section|21 Our description 
is completely independent of the dimensions of the Hilbert-spaces involved, and we do not even 
need to fix a basis. In SectionOlwe give a general condition for conditional teleportation in terms 
of the applicable entangled states and joint measurements. In Section^ we show that partially 
entangled states are capable of conditional teleportation with fidelity one, but only if the outcome 
of the measurement performed by Alice and the state shared by the parties "match" each other. 
Section summarizes our results. 



2 States, channels and antilinear maps 

Consider a bipartite system with subsystems A and B. The subsystems are described by the 
Hilbert-spaces T-La and Hs, thus the pure states of the system are in Ha ®'Hb- Let AimHA = 
dimTis = N . Let and {|i)b} (i = 0, . . . , TV — 1) denote the computational bases on Ha 

and Tis, and let 



N-l 



I* 



+ \ 



lAB = 



1=0 



be a maximally entangled state of the system. All other maximally entangled states of the system 
can be obtained from l^*^) by local unitary transformations. The set of density matrices of system 
A will be denoted by Sa- A quantum channel $^ is a completely positive, trace-preserving, and 
hermiticity preserving Sa — > Sa map. 

Keeping in mind, we may introduce the relative state representation ll of states and 

operators on T-La- Any pure state \^)a G "Ha can be described by an (mmormalized) index state 
\^*)b e He so that 

1^-)^= b(**|*+)ab. (2) 

The state in argument is obtained as a partial inner product of its index state and the maximally 
entangled state I^E'"'"). The mapping creating the index state from the original state, 

Li^+) -.HA^nB, = l**)^ (3) 

is antilinear, and in fact \^NLi^q,+^ is antiunitary. Indeed, expanding an arbitrary \'9)a on the 
computational basis, 

L|^+^|vl;)^ = ^ C.K)a - -^Y.^:\i)b, (4) 

i ^ i 

from which the above properties follow. 

The introduction of L via IvP^) is also useful in describing channels $a- Let us have the 
compound system in the state |\E'+)ab, and send subsystem A through the channel $a while 
doing nothing with subsystem B. The effect of the channel on any pure state \'^)a of system A is 
then obtained by the partial inner product with the corresponding index state: 

$A = ® Ib) (5) 



where — and Is stands for the identity operator. This is the so called relative 

state representation of channels, which is widely used to describe them. But even more can be 
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stated ^ . An afRne isomorphism between the set of ah $^ channels on Sa , and the set of bipartite 
states QAB G S-Ha^Ub with maximaUy mixed partial trace, i.e. with the property 

1 , , 

trA PAB = -^^B, (6) 

can be found similarly to Eq. ^ . The bipartite state corresponding to a channel can be obtained 
from 1^'"'') by applying the channel on system A and doing nothing with system B: 

Qab^{%a®Ib)(\^+)abab{^+\)- (7) 

As |'I'^)a_b has a maximally mixed partial trace, and this property cannot be changed by local 
operations, © will also hold for the qab obtained in Eq. {Tj). The isomorphism has been found 
by the Horodecki et al. T', who have discussed it in detail, and have used it for the description of 
teleportation channels. 

So far we have considered the antiunitary map VlVi|ii>+) arising from the maximally entangled 
state \^^). This is a useful tool in the description of channels and states. Let us follow the reverse 
way now. We may use the set of antilinear TLa —^"Hb maps in order to describe pure states in 
Ti-A ® Ti-B- As relative state representation is also based on L, changing this map can give rise to 
different relative state representations. 

Consider a bipartite pure state |$)as G T^a (S) H-b- We may write it on the computational 
basis as |$)ab = X^ij C'y |j)A ^ \j)B- We define the Ha — > Ti-B antihnear operator such that 
L\,s,)\i)A = J2j CJij\j)B- Thus we can write 

i 

For any bipartite pure state |$)a_b G H-a ^Ti-B, there uniquely exists an antilinear operator 
defined this way. 

Because of the antilinearity of L|$), (jS)) is independent of the actual computational basis chosen 
on Ti.A- Let Cab denote the set of bounded antilinear operators L: TLa "Hb which have finite 
norm (that is, tr{L''L) < oo, where the adjoint of L is defined by the relation {f\Le) — (Lt/|e)*): 



Cab — {L: Ha Hb bound antilinear | tT{L^ L) < oo}. (9) 

Cab forms a Hilbert space (the scalar product is {L,L') — tr(L'^L), which is conjugate linear in 
the first argument). It is shown in Ref. J^l that ^ establishes a unitary isomorphism between 
Cab and Ha'^Hb in a natural way. Every pure bipartite state |$)ab can uniquely be described by 
an antilinear operator L|$) g Cab such that tr(L|^^L|$)) = 1. Conversely, every such L describes 
a pure bipartite state. 

Now let us characterize maximally entangled states and possible relative state representations. 
By maximally entangled state we mean a pure bipartite state with maximally mixed partial trace 
(O- The partial traces of bipartite states over systems A and B are LL^^ and L^L respectively. 
Thus the state is maximally entangled if and only if LL^ — N~^Ib and L'^L = N~^Ia- 
This is equivalent to that ^/NL is antiunitary. On the other hand, the operator gives rise 
to a relative state representation if and only if {L|$^ |j)}i=o,...,7V-i forms an orthogonal basis on 
TCb, which means, that ViVi|$) is antiunitary. Relative state representations can be defined via 
maximally entangled states. 
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3 Probabilistic teleportation with partially entangled states 



In this section we apply the antilinear description of bipartite states introduced in Section |21 
for quantum teleportation. Suppose that system A prepared in the unknown state \^)a is to be 
teleported, and systems B and C shared by the parties (Alice and Bob) are in a partially entangled 
state \(t)bc- We will call this shared state in what follows. The shared state is described by the 
antilinear map L^^-y Systems A and B are located at Alice who performs a joint projective 
measurement on them. Suppose that its outcome corresponds to the projection onto the state 
Wq)AB- In the foUowings, we will regard only this outcome, thus our teleportation scheme will be 
probabilistic, conditional one. 

To have common computational bases in the description of the shared state and the state the 
measurement project onto, we expand \aq) in the following way: 



(10) 



where Lq G Cba- One can characterize the states corresponding to nondegenerate measurement 
outcomes by bounded antilinear operators L^: Hb — > Ti-A such that tr(ijLg) = 1. Note that Lq 
is unique disregarding a unit complex phase factor. 

The projection resolution of every joint observable of A and B, which has nondegenerate eigen- 
values, is (up to phase factors) uniquely described by an orthonormal basis Lq in Cba- Those mea- 
surements whose nondegenerate outcomes are represented by projections onto mutually orthogonal 
maximally entangled states, are called measurements of Bell type [ij. Every Bell measurement 
can be described by an orthonormal basis Lq in Cba such that (dim7i^)^/^Lq is antiunitary for 
every q. 

Now we will calculate the teleportation channel. By this we mean a function fq : T-La ^ T^c that 
relates the input state, and the state of system C after the measurement. Note that, although 
the reversing unitary transformation is usually also included in the definition of teleportation 
channel, our terminology is more convenient here, as we investigate linearity and reversibility. At 
the beginning, the three systems are in the state |$)^ (g) |cr)sc- The probability of the outcome q 
under consideration is given by 



p,(I*)a) = 



\(yq)AB AB{c^q\) ® Ic)]{\^)a ® W)bc)\ 



mL„ 



)L\i) 



Y,L{\i)BBm\\^)A) 



= \\llI\^) 



(11) 



On condition that the measurement yields the outcome g, the state of system C can be written 
as 

^ ■■'^{AB{(Tq\<^)AV)B)L\ei)B ^ 



The teleportation channel for the outcome q is 

LLmA 



--LLlm 



(12) 



fq-.nA^nc, fqmA) = 



(13) 



If the input state is given by the density operator pj^ then the probability of the outcome q is 

PqiPin) = t^A (LqL^LLlpin) (14) 
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and the output state is 

Pout = -, 1 -• (15) 

tTA{LqLTLLi,Pin) 

We have defined a special quantum operation based on the teleportation scheme of Ref. 0. 
One can obtain from (|14|l that this operation is a generahzed (POVM) measurement of the input 
state and the positive operator representing it is LqL^LL^^. 

The channel fq has to be reversible, so that we can obtain a teleported state identical to the 
original input state. We call the channel fq reversible, if it is injective, that is, for different input 
state \^)a (lll*i')yi|| — 1) the corresponding output state fq{\^)A) is different. We remark, that 
the reversibility of teleportation channels has also been investigated in Ref. . We adopt a more 
general definition here. Reversibility means that every input state can be recovered (theoretically) 
from the output state. One can easily verify that this condition is equivalent to that the linear 
operator LLj : Ha He is injective. 

It may be the case, however, that the channel fq is not linear. This way, the input state can be 
recovered from the output only using some sophisticated nonlinear transformations, which may 
not be realistic. Therefore, it is a natural requirement for the channel to be linear. 

We show that if the teleportation channel is reversible, then its linearity is equivalent to that 
the probability (fTT)) of the outcome q is independent of the input state Suppose that |$)i 

and |$)2 are hnearly independent, and let (ai|<l>)i +q;2|^')2) be such that ||q;i|$)i +a2|^)2|| = 1- 
From the linearity condition fq{ai\^)i + a2\^)2) — ai/g(|"^')i) + Q;2/g(|^')2), one can obtain: 



LLmi 




\LLim2\ 



LLt|$)2 = o. (16) 



Since fq is injective, LLj|$)i and LLj|<i>)2 are also linearly independent. Then 1)1611 implies that 
their coefficients are zero, that is, the probability (|ll|l of the outcome q is independent of the input 
state \^)a- Reversely, if Hll() is independent of |$)a, then LLj is injective and fq is linear. We can 
conclude that the condition that "the probability of the measurement outcome q does not depend 
on the input state" (that is, Alice learns nothing about the input state due to the measurement) 
is equivalent to that the teleportation channel is linear. Moreover, it can be proven in a way not 
detailed here that the linearity of the channel is equivalent to its unitarity — therefore its unitary 
reversibility. 



4 Entanglement matching 

In this section we answer the question what measurements provide fidelity 1 teleportation for 
an arbitrarily given (even partially) entangled shared state. Suppose that the shared state \a) 
is described by an invertible antilinear operator L. If Bob applies a unitary transformation 
Uq '■ Ti-c He which may depend on the result q of Alice's measurement, then the final state of 
system C reads lout)^ = Pq ^^^UqLL^^\^) a- Let iac be a unitary isomorphism between Ha and 
He so that we can compare the states of systems A and C. The teleportation condition is 

J^UqLLl = ^Ae (17) 
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which also guarantees that Pq(|<i>)^) is independent of \^)a- From this we conclude that a mea- 
surement with an outcome described by the antihnear operator 



-it 



(18) 



supports fidehty 1 conditional teleportation. The appropriate recovering unitary transformation 
apphed by Bob is to be Ug. 

Although pq in (|ll|l depends on Lq, this can be resolved by the fact that Lq has a norm 
trB(LjLg) = 1. Then we obtain that the probability is 



Pq 



[tvB{iL^L)-')r\ 



(19) 



For an arbitrary entangled shared pair described by invertible L, the set of measurement out- 
comes providing fidelity 1 conditional teleportation is given by the set 



Ml 



U is unitary 



(20) 



Thus not every possible measurement outcome allows teleportation, only those described by Ml- 
The measurement and the shared state should be "matched" to each other. This can be regarded 
as a generalization of "entanglement matching" introduced in Ref. PO] • 

It is worth to note that H19|l is the same for every outcome q that matches the shared state 
in the above sense. The probability of a successful outcome depends only on the shared state. 
Another important result is that the set of matching outcomes is spanned by local unitary 
transformations: if one finds a measurement outcome which enables probabilistic teleportation, 
then every matching outcome can be obtained from it by a local unitary transformation on system 
A. 

We give an example for entanglement matching. Suppose that the antilinear operator L de- 
scribing the shared state \a)BC is given by the following matrix: 



L 



(ax 



V 



(21) 



where all a.; are nonzero (consider a Schmidt decomposition for example). Taking that the unitary 
transformation Uq is identity, we obtain from l|18|) that a matching measurement outcome is given 

by 



\ox)ab = 




-1/2 



-1/2 



/IK 



(22) 



Thus if Alice measures an observable with an eigenstate equal to \cri)AB then that measurement 
outcome implements a conditional teleportation. 



Fortschr. Phys. 49, No. 10-11 (2001) 



1025 



5 Conclusion 

We have summarized the relations between quantum channels, bipartite states and antilinear 
operators, focusing the description of bipartite pure states with the latter. Applying this descrip- 
tion, we have characterized all possible conditional teleportation schemes. We have found that 
the independence of the probability of a measurement outcome on the input state is a necessary 
and sufficient condition of the linearity of the transformation to be applied by the receiver. We 
have generalized the concept of "entanglement matching" , which means that in schemes under 
consideration the entangled state shared by the parties, and those measured by the sender should 
"match" each other. 

The results presented here show that this formalism is applicable of describing entanglement 
and quantum teleportation in a quite general way. This method may be also applicable for the 
treatment of entanglement between systems described by Hilbert-spaces of different dimensionality. 
It can also have consequences regarding the description of teleportation and related phenomena 
in the framework of quantum operations. 
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